Abstract. We study complex non-Kähler manifolds with Hermitian metrics being locally conformal to metrics with special cohomological properties. In particular, we provide examples where the existence of locally conformal holomorphic-tamed structures implies the existence of locally conformal Kähler metrics, too.
Introduction
A central problem in Geometry is the search of the (notion of) "best" metric. In Kähler geometry, one is led to search Kähler metrics with special curvature properties. In this direction, the celebrated theorem by S.-T. Yau, [80] , solving the Calabi conjecture, is one foundational example. But not every complex manifold admits a Kähler metric. Therefore, in complex non-Kähler geometry, one has the further problem of restricting the class of Hermitian metrics to a suitable sub-class. Such sub-classes are usually characterized by cohomological properties of their associated form. For example, on a complex manifold X of dimension n, the Hermitian metric associated to the (1, 1)-form ω is called balanced if d ω n−1 = 0 [56] , pluriclosed if ∂∂ω = 0 [20] , astheno-Kähler if ∂∂ω n−2 = 0 [48] , Gauduchon if ∂∂ω n−1 = 0 [40] , and more generally k-Gauduchon for k ∈ {1, . . . , n − 1} if ∂∂ω k ∧ ω n−k−1 = 0 [37] . Metrics being locally conformal to metrics with some special cohomological properties have arisen interest, too. A first reason is that, even if not every compact complex surface admits a Kähler metric (this depends on the parity of the first Betti number), many of them admit a metric being locally conformal to a Kähler metric [17] . A second reason is that one of the equations in the Strominger system in heterotic string theory [70] requires the existence of a metric being conformal to a balanced metric. As a third reason, P. Gauduchon proved in [40, Théorème 1] that every Hermitian metric on a compact complex manifold has a standard representative (called Gauduchon metric) in its conformal class.
In this note, we study complex (non-Kähler) manifolds with Hermitian metrics being locally conformal to metrics with special cohomological properties. In particular, we focus on locally conformal holomorphictamed (also called locally conformal Hermitian symplectic) structures, providing results and examples for which the existence of these structures assures the existence of a locally conformal Kähler structure. This happens for example for 6-dimensional nilmanifolds endowed with a left-invariant complex structure, (see Theorem 3.9,) while the Inoue surface S ± provides a counterexample, (see [17, Theorem 7] and [11, Theorem 1.1]). A related question has been formulated in [11, Problem 1.3] .
In Section 1, we consider locally conformal Kähler structures, see [31] and the references therein. By [75, Theorem 2.1, Remark (1)], locally conformal Kähler metrics on compact complex manifolds satisfying the ∂∂-Lemma are in fact globally conformal to a Kähler metric. Hence, the deformations of the holomorphically parallelizable Nakamura manifold [61] investigated in [7] do not admit any locally conformal Kähler structure, see Example 1.3. They are not even in class C of Fujiki, see [7, Remark 6.3] : this is in support to [65, Standard Conjecture 1.17] , compare also [66, Question 1.5] . Finally, on a compact complex manifold with a locally conformal Kähler structure ω, we consider the commutation relations between the naturally associated twisted differential operators and the operators associated to
Locally conformal Kähler structures
Let X be a 2n-dimensional manifold endowed with a complex structure J. We recall that a locally conformal Kähler structure (shortly, lcK) on X is given by a positive real (1, 1)-form ω ∈ ∧ 1,1 X ∩ ∧ 2 X such that there exists ϑ ∈ ∧ 1 X with d ω = ϑ ∧ ω and d ϑ = 0, see, e.g., [31] and the references therein. The form ϑ is called the Lee form associated to ω. If ϑ is d-exact, then ω is called globally conformal Kähler (shortly, gcK) . In fact, denote by g := ω(-, J ) the J-Hermitian metric associated to J and ω. We note that, if ϑ = d f for some f ∈ C ∞ (X; R), then the metric exp(−f )g is a Kähler metric in the conformal class of g. In particular, by the Poincaré lemma, every point has a neighbourhood U such that ω U is conformal to a Kähler metric on U . Remark 1.1. Let X be a 2n-dimensional manifold endowed with a complex structure J and with a non-degenerate 2-form Ω ∈ ∧ 2 X. Consider the operator L := Ω ∧ -:
Recall that, for any k ∈ Z, the operator L k : ∧ n−k X → ∧ n+k X is an isomorphism, [79, Corollary 2.7] . Recall also that, for any k ≤ n − s, the operator L k : ∧ s X → ∧ s+2k X is injective, [79, Corollary 2.8] . It follows that: Note that, in fact, up to a gauge transform, H
• ϑ (X) does not depend on ϑ ∈ ∧ 1 X ∩ ker d but just on [ϑ] ∈ H 1 dR (X; R). In fact, for f ∈ C ∞ (X; R), one has d ϑ+d f = exp(f ) · d ϑ (exp(−f ) · -) .
Locally conformal Kähler structures and ∂∂-Lemma.
We recall the following theorem by I. Vaisman.
Theorem 1.2 ([75, Theorem 2.1, Remark (1)]). Consider a compact complex manifold satisfying the ∂∂-Lemma. Then any lcK structure is also gcK.
The argument in [75, Theorem 2.1] uses that the Bott-Chern cohomology class of d Jϑ ∈ ∧ 1,1 X vanishes, where ϑ is the Lee form of the lcK structure and J denotes the complex structure of X. This holds in particular if the natural map H 1,1 BC (X) → H 2 dR (X; C) induced by the identity is injective. In §2.1, we will prove the following result with a weaker hypothesis than satisfying the ∂∂-Lemma. Proposition 2.7. Let X be a compact complex manifold of complex dimension n such that the natural map H n−1,n BC (X) → H n−1,n ∂ (X) induced by the identity is injective. Then any lcK structure is also gcK.
In the following example, we consider the deformations in class (1) of the holomorphically-parallelizable Nakamura manifold investigated in [7] : they do not admit any lcK structure. In fact, we note that they are compact complex non-Kähler manifolds satisfying the ∂∂-Lemma, except for the central fibre. Furthermore, they are not in class C of Fujiki, they admit a left-invariant balanced metric, they admit no pluriclosed metric, they admit no left-invariant 1G metric (see §2.3 for definitions). Example 1.3. Consider the holomorphically-parallelizable Nakamura manifold, [61, §2] , see also [28, §3] , namely, (X, J 0 ), where X := Γ\G is the quotient of the solvable group
by a lattice Γ in G, and J 0 is the natural complex structure induced by the quotient.
By considering a set z 1 , z 2 , z 3 of local holomorphic coordinates on G, a G-left-invariant co-frame for
with structure equations
As in [7, §4] , consider the curve {J t } t∈∆(0,ε) , for ε > 0, of complex structures on X given by deforming the complex structure J 0 of the holomorphically-parallelizable Nakamura manifold in the direction t with A, B, C ∈ R and D, E, F ∈ C. The form ω t is positive (i.e., it is the (1, 1)-form associated to a J t -Hermitian metric) if and only if, [73, page 189] ,
A straightforward computation gives
where we have shortened, e.g., φ
t . Take, e.g., F = 0 and A = B = C = 1. For such values, i ∂ t ∂ t ω t ≥ 0, therefore, by [26, Theorem 2.3] , it follows that (X, J t ) is not in class C of Fujiki.
As a different argument to prove the non-Kählerianity of J t , we note that, by the F. A. Belgun symmetrization trick, [17, Theorem 7] , if (X, J t ) admits a Kähler metric, then it admits also a G-leftinvariant Kähler metric. And hence, in particular, it admits a G-left-invariant pluriclosed metric, as well as a G-left-invariant 1G metric. On the other side, for the generic ω t as above, we compute
providing that there is no G-left-invariant 1-Gauduchon metric for t ∈ ∆(0, ε). Note also that the condition ∂ t ∂ t ω t = 0 for the generic ω t implies B = C = F = 0. In particular, (X, J t ) does not admit any G-left-invariant pluriclosed metric, and hence, again by the F. A. Belgun trick, [17, Theorem 7] , it admits no pluriclosed metric.
Finally, aside, note also that the J t -Hermitian metric with associated (1, 1)-form Ω t := i φ
Since (X, J t ), for t ∈ ∆(0, ε) \ {0}, satisfies the ∂∂-Lemma but admits no Kähler structure, by [75, Theorem 2.1], it follows that it admits no lcK structure.
Kähler identities for locally conformal Kähler structures.
Let X be a 2n-dimensional manifold endowed with a complex structure J and a lcK structure ω. Denote by ϑ ∈ ∧ 1 X the Lee form of ω.
Consider the operator
Since ω is non-degenerate, one can define the operator
Consider also the operator [79, Corollary 1.6] . In particular, one defines the space of primitive forms, namely, 
Lemma 1.5 (Weyl identity, [46, Proposition 1.2.31]). Let X be a 2n-dimensional manifold endowed with a non-degenerate 2-form Ω ∈ ∧ 2 X. Consider an almost-complex structure J on X such that g := Ω(-, J ) is a J-Hermitian metric on X, see [23, Corollary 12.7] . Consider the operator L := Ω ∧ -: ∧
• X → ∧ •+2 X, and the Hodge- * -operator * : ∧
• X → ∧ 2n−• X associated to g. Then, for any j ∈ Z and k ∈ Z, the Weyl identity holds:
We recall that, for η ∈ ∧ 1 X such that d η = 0, the differential operator d η :
In [77] , the following commutation result, concerning L, holds, more in general, for a locally conformal symplectic (shortly, lcs) structure on a manifold X, namely, a non-degenerate real 2-form Ω ∈ ∧ 2 X such that d Ω = ϑ ∧ Ω with d ϑ = 0. 
We prove now the following commutation result concerning Λ: it could be compared with the Kähler identities in the Kähler case. Proposition 1.8. Let X be a 2n-dimensional manifold endowed with a complex structure J and a lcK structure ω ∈ ∧ 2 X with Lee form ϑ ∈ ∧ 1 X ∩ ker d. For any j ∈ Z and k ∈ Z and ∈ Z, it holds
where
one gets that L n−k+1+h β (k+1−2h) = 0 for any h ∈ Z. In particular, since L ∧ s X is injective for ≤ n − s, see [79, Corollary 2.8] , one gets that β (k+1−2h) = 0 for any h ≥ 2. Therefore we reduce to
We compute:
On the other hand, we compute
Comparing the two expressions, we get the statement.
Locally conformal balanced structures
Let X be a 2n-dimensional manifold endowed with a complex structure J. A locally conformal balanced (shortly, lcb) structure on X is the datum of a positive real
see, e.g., [55] . Note that a lcb structure is just the datum of a Hermitian metric being locally conformal to a balanced metric. The form ϑ is called the associated (balanced) Lee form. A globally conformally balanced (shortly, gcb) structure is a lcb structure such that the associated Lee form is d-exact. Obviously, in dimension 2n = 4, the notions of lcK structure and of lcb structure coincide. On the other side, if ω is a lcK structure on X, then note that d ω n−1 = (n − 1) ϑ ∧ ω n−1 . Therefore we have the following obvious result. 
Then we can write this equality as
Since the map L ω : ∧ q X → ∧ q+2 X is injective for any q ≤ n − 1, and
∧ ω is a 3-form in the kernel of L ω s−1 , and since 3 ≤ n − s + 1, then necessarily d ω = 1 s ϑ (s) ∧ ω, i.e., the structure ω is lcK. Remark 2.4. Let X be 2n-dimensional compact manifold endowed with a complex structure J. Consider a lcb structure ω on X, and let ϑ ∈ ∧ 1 X be the d-closed 1-form such that d ω n−1 = ϑ ∧ ω n−1 . Consider the J-Hermitian metric g := ω(-, J ) associated to ω, and denote its Levi Civita connection by ∇ LC . Note that, if ∇ LC ϑ = 0, then in particular ϑ is harmonic with respect to ω. In particular, g is also a Gauduchon metric. More precisely, by [40, Théorème 1] , in the conformal class of any lcb structure, there is at most one lcb structure with parallel Lee form, being the Gauduchon metric. 
In particular, we have
By comparing the two expressions for ∂ω n−1 and by wedging with ϑ 1,0 , we get
for a smooth real non-negative function ϕ on X, and that ϕ is zero at every point if and only if ϑ 1,0 = 0. Indeed, since ω is non-degenerate, there exists a unique smooth real function ϕ on X such that i ϑ 1,0 ∧ ϑ 1,0 ∧ ω n−1 = ϕ ω n , and it suffices to prove that ϕ is pointly non-negative and that ϕ(x) = 0 at a point x ∈ X if and only if ϑ 1,0 x = 0. Fix a point x ∈ X and consider a basis τ 1 , . . . , τ n of the
This proves the claim. Now, by the Stokes theorem, we get
Hence ϕ is zero at every point, from which it follows that ϑ 1,0 = 0. This means that g is actually balanced, and henceω is a gcb structure. Remark 2.6. Note that the property that the natural map H n−1,n BC (X) → H n−1,n ∂ (X) induced by the identity is injective in Theorem 2.5 is weaker than the property of satisfying ∂∂-Lemma. For example, consider the completely-solvable Nakamura manifold endowed with the complex structure in case (ii) as in [49 
As a corollary, we get the following, to be compared with [75, Theorem 2.1, Remark (1)].
Proposition 2.7. Let X be a compact complex manifold of complex dimension n such that the natural map H
induced by the identity is injective. Then any lcK structure is also gcK.
Proof. Let ω be a lcK structure on the complex manifold X. By Proposition 2.1, ω is also lcb. By Theorem 2.5, ω is gcb. Again by Proposition 2.1, it follows that ω is actually gcK.
We note that, up to our knowledge, the known examples of manifolds satisfying the ∂∂-Lemma are actually balanced: Kähler manifolds are clearly balanced; manifolds in class C of Fujiki, [39] , and Moǐšhezon manifolds, [60] , are balanced by [1, Corollary 5.7] ; twistor spaces [64, 13] For nilmanifolds endowed with left-invariant complex structures, the inclusion of left-invariant forms induces isomorphisms in Dolbeault, Bott-Chern, and Aeppli cohomologies, [27, Remark 4] , [3, Theorem 3.8] . Therefore, the injectivity of the map H
(X) can be checked at the Lie algebra level, and it is equivalent to
Since J is Abelian, we have ∂ ∧ n−1,n g * = {0} and ∂ ∧ n−2,n g * = {0}, and thus also ∂ ∧ n−1,n−1 g * ⊆ ker ∂ and ∂∂ ∧ n−2,n−1 g * = {0}. This reduces the injectivity of the map H
(X) to the following condition:
But, if g is not an Abelian Lie algebra, this cannot happen. Indeed, we can choose a basis ω
In the following result we prove that Theorem 2.5 cannot be extended to compact complex manifolds satisfying the (n − 1, n)-th weak ∂∂-Lemma. 2.3. Locally conformal balanced and k-Gauduchon structures. Let X be a 2n-dimensional manifold endowed with a complex structure. We recall that, for k ∈ {1, . . . , n − 1}, a k-Gauduchon (shortly, kG) structure on X is the datum of the (1, 1)-form ω associated to a Hermitian metric on X such that
Note that (n − 1)-Gauduchon structures are associated to Gauduchon metrics, [40] , and that, for n = 2, Gauduchon metrics are 1-Gauduchon, as well as pluriclosed, [20] . See also [47, 36] for further generalizations and results.
By Proof. By [37, Corollary 4], for any k ∈ {1, . . . , n − 1}, to any Hermitian metric g with associated (1, 1)-form ω, it is associated a unique constant γ k (g) ∈ R. The sign of γ k (g) is invariant in the conformal class of g by [37, Proposition 11] . Furthermore, on the one hand, for k ∈ {1, . . . , n − 1}, by [37, Corollary 4] , if ω is a kG structure, then γ k (g) = 0. On the other hand, for k ∈ {1, . . . , n − 2}, by [47, Lemma 3.7 
Suppose that ω is a kG lcb non-gcK structure on X with associated Hermitian metric g. By the hypothesis and by Theorem 2.5, ω is kG gcb non-gcK. Since ω is kG, one has γ k (g) = 0. Since ω is gcb non-gcK, one has γ k (g) > 0. This is absurd.
Locally conformal balanced structures on solvmanifolds.
We consider the existence of locally conformally balanced structures on solvmanifolds, namely, compact quotients of connected simplyconnected solvable Lie groups by co-compact discrete subgroups.
As in [68, §1] for lcK structures, we have that, on completely-solvable solvmanifolds endowed with left-invariant complex structures, it suffices to study the existence of left-invariant lcb structures. Proof. Denote the real dimension of X by 2n, and the complex structure on X by J. Denote the Lie algebra associated to G by g, and identify the G-left invariant forms on X with the space ∧
• g * . Let ω be a lcb structure on X with associated Hermitian metric g := ω(-, J ). By definition, there exists a d-closed
Consider the metricĝ : [17, Theorem 7] . Hence ω inv is a G-left-invariant lcb structure on X. Example 2.13 (A 1G lcb non-balanced manifold with ∆ 2n−1 = 0). Consider a 6-dimensional nilmanifold X with associated Lie algebra h 8 := (0, 0, 0, 0, 0, 12), in the notation of [67] . Up to equivalence, it admits only one left-invariant complex structure, [ 
.) This shows in particular that, on compact complex manifolds of complex dimension n, the condition ∆ 2n−1 = 0 and the existence of lcb structures do not imply the existence of balanced metrics.
Locally conformal (Hermitian) symplectic structures
Let X be a 2n-dimensional manifold. We recall that a locally conformal symplectic (shortly, lcs) structure on X is given by a non-degenerate 2-form Ω such
∞ (X; R), then the structure exp(−f )Ω is actually symplectic.
3.1. Locally conformal symplectic structures as mapping tori. In this section, we review when lcs manifolds can be seen as mapping tori over contact manifolds. First of all, we recall the definition of mapping torus.
Definition 3.1 ([53, page 527])
. Let S be a compact manifold (possibly endowed with a further structure). Consider a diffeomorphism ϕ on S (preserving the possible further structure). The mapping torus S ϕ on S is the manifold
We recall also that a contact structure on a (2n − 1)-dimensional manifold X is the datum of a 1-form α ∈ ∧ 1 X such that d α n−1 ∧ α = 0 everywhere, see, e.g., [21] . The following result proves that mapping tori over contact manifolds are endowed with a lcs structure.
Proposition 3.2 ([14, Example 2])
. Let S be a (2n − 1)-dimensional compact manifold endowed with a contact structure α ∈ ∧ 1 X. Consider a diffeomorphism ϕ of S such that ϕ * α = α. Then the mapping torus S ϕ on S has a lcs structure.
Proof. For the sake of completeness, we recall here the construction.
Consider the projection map π S :
everywhere. One has that S ϕ is the total space of a fibre bundle S → S ϕ π → S 1 . Consider a coordinate t on S 1 , and
everywhere, since φ n−1 ∧ β and ϑ are independent. Hence Ω is a lcs structure on S ϕ , with associated Lee form ϑ.
Conversely, let us assume further hypotheses to guarantee that manifolds with lcs structures are mapping tori over contact manifolds. The argument is inspired by [53] , where H. Li proves that cosymplectic manifolds are symplectic mapping tori, [53 
Note that dα
n−1 τ ∧α τ = 0 everywhere. In particular,α τ , for any τ ∈ [0, 1], is a contact structure on S. Indeed, take a local trivialization chart U × K on Sφ such that π U ×K is the projection on the K factor. Denote the coordinate on K by t. [42, pages 60-61] , there exists a diffeomorphism of S isotopic to the identity such thatα 1 = F * (α 0 ). By taking ϕ := F •φ, one gets that ϕ * (α 0 ) =α 0 , proving the claim. In particular, α :=α 0 is a contact structure on Sφ. Finally, note that, sinceφ and ϕ are isotopic, then S ϕ and Sφ are diffeomorphic as fibre bundles.
In the next section, we will apply the previous results to the case of nilmanifolds, namely, compact quotients of connected simply-connected nilpotent Lie groups by co-compact discrete subgroups, see 3.7.
3.2. Locally conformal holomorphic-tamed structures on nilmanifolds. We recall that a holomorphic-tamed (also called Hermitian symplectic) structure on a manifold X endowed with a complex structure J is the datum of a symplectic structure Ω taming J, that is, such that g J := [57, 72] Therefore, we are interested in studying the locally conformal analogue of holomorphic-tamed structures on nilmanifolds. Definition 3.4. Let X be a manifold endowed with a complex structure J. A non-degenerate 2-form Ω ∈ ∧ 2 X on X is called locally conformal holomorphic-tamed (shortly, lcht; also called locally conformal Hermitian symplectic) if: (i) Ω tames the complex structure J, namely, for any x ∈ X, for any v x ∈ T x X \ {0}, it holds Ω x (v x , Jv x ) > 0; in other words, g J := 
Remark 3.5. Note that, if Ω is J-invariant, that is, Ω ∈ ∧
2 X ∩ ∧ 1,1 X, then Ω is in fact lcK. Note also that, if Ω is gcht, i.e., there exists f ∈ C ∞ (X; R) such that ϑ = d f , then the symplectic structurẽ Ω := exp(−f )Ω is in fact a holomorphic-tamed structure in the same conformal class of Ω.
The following lemma allows to reduce, on completely-solvable solvmanifolds with left-invariant complex structures, to considering just left-invariant lcht structures. 
Lemma 3.6. Let X = Γ\G be a solvmanifold endowed with a G-left-invariant complex structure. Denote by g the Lie algebra associated to G. Assume that the inclusion
∧ • g * → ∧ • X induces the isomorphism H 1 (g) → H 1 dR (X; R). If X admits a lcht structure Ω such that d Ω = ϑ ∧ Ω,
Proof. By the hypothesis H
there is a G-left-invariant formθ being cohomologous to ϑ: let f ∈ C ∞ (X; R) be such that ϑ =θ + d f . ThenΩ := exp(−f )Ω is a lcht structure, in the conformal class of Ω, satisfying dΩ =θ ∧Ω. Consider the F. A. Belgun symmetrization map, [17, Theorem 7] ,
where η is a G-bi-invariant volume form on G such that
We use now the results in the previous section to get a description of nilmanifolds endowed with left-invariant complex structures and with lcht structures as mapping tori over contact nilmanifolds. , we can apply Lemma 3.6 and hence we may assume that ϑ is G-left-invariant. Note that either ϑ = 0, and hence Ω is a symplectic structure on X, i.e., a gcht structure, or ϑ is everywhere non-vanishing. Hence assume now that ϑ is everywhere non-vanishing.
Again by Lemma 3.6, we may suppose that also Ω is G-left-invariant. Since Ω ∈ ∧ 2 g * is d ϑ -closed, by [29, Théorème 1], see also [58, Corollary 2.5], one has that Ω is d ϑ -exact. By Proposition 3.3, X has a structure of mapping torus S ϕ on a (2n − 1)-dimensional manifold S endowed with a contact structure. Note that S is in fact a nilmanifold.
We recall that, by [68, Main Theorem], a non-torus nilmanifold endowed with a left-invariant complex structure admits a lcK structure if and only if it is biholomorphic to a quotient of (H(2n − 1) × R, J + ). Here H(2n − 1) is the (2n − 1)-dimensional Heisenberg group, with Lie algebra heis 2n−1 = e 1 , . . . , e 2n−2 , e 2n with [e 2j−1 , e 2j ] = −e 2n for any j ∈ {1, . . . , n − 1}, and [e h , e k ] = 0 otherwise. Consider heis 2n−1 × R where R = e 2n−1 : it is endowed with a linear (integrable) complex structure J + defined as J + e 2j−1 = e 2j for j ∈ {1, . . . , n} (see also [25, Table 1 ], where heis 2n−1 × R for n = 3 is h 3 ).
Analogously, we prove that 2-step nilmanifolds endowed with left-invariant complex structures admit a lcht structure if and only if they are diffeomorphic to a quotient of H(2n − 1) × R. Theorem 3.8. Let X = Γ\G be a 2n-dimensional nilmanifold. Suppose that the Lie algebra g associated to X is 2-step. If X admits a G-left-invariant complex structure J and a lcht structure, then g heis 2n−1 .
Proof. Suppose that the Lie algebra associated to X is isomorphic to heis 2n−1 × R. By [68, Main Theorem], the G-left-invariant complex structure J + on X admits a lcK structure, namely, Ω :
, where e j j denotes the dual basis to {e j } j . Suppose now that X is a 2-step nilmanifold endowed with a G-left-invariant complex structure and with a lcht structure. By Lemma 3.6, X admits a G-left-invariant lcht structure Ω such that d Ω = ϑ ∧ Ω with ϑ ∈ ∧ 1 g * . Consider the J-Hermitian metric g := Since RA = RC, we have that, for any t ∈ R,
On the other side, by the above formulas, one has
By the contradiction, we get that b 1 ≥ 2n − 1. In fact, g being 2-step, we have b 1 = 2n − 1. By [29, Théorème 1] , see also [58, Corollary 2.5], one has that Ω is d ϑ -exact: let β ∈ ∧ 1 g * be such that
In view of the analogous result in [9, Theorem 3.3] for the non-conformal case, we have the following theorem.
Theorem 3.9. Let X be a 6-dimensional nilmanifold endowed with a left-invariant complex structure. If X admits a lcht structure, then it admits also a lcK structure. In particular, either it is diffeomorphic to a torus, namely, its Lie algebra g is g h 1 = (0, 0, 0, 0, 0, 0), or g h 3 = (0, 0, 0, 0, 0, 12 + 34).
Proof. Let Ω be a lcht structure on X. If the Lee form ϑ of Ω is exact, then, up to a global conformal change, Ω is a holomorphic-tamed structure on X. By [9, Theorem 3.3] , see also [32, Theorem 1.3] , X admits in fact a Kähler structure, in particular, a lcK structure. More precisely, X is diffeomorphic to the 6-dimensional torus, h 1 = (0, 0, 0, 0, 0, 0), by [18, Theorem A] or [43, Theorem 1, Corollary] . Therefore suppose now that ϑ is everywhere non-vanishing. By Theorem 3.7, then X has a structure of mapping torus over a 5-dimensional nilmanifold endowed with a contact structure. By [51, §6] [25] , the left-invariant complex structures on 6-dimensional nilmanifolds are classified up to equivalence. In particular, there is only one, up to equivalence, left-invariant complex structure J on h 9 . We prove in Lemma 3.12 than it does not admit any lcht structure. And there are two left-invariant complex structures on h 3 , which are called J + and J − . By [68, Main Theorem] , J + on h 3 is the only left-invariant complex structure on 6-dimensional nilmanifolds admitting a lcK structure: for the sake of completeness, we recall the metric in Lemma 3.10. On the other side, we prove in Lemma 3.11 than J − on h 3 does not admit any lcht structure. Finally, there are only two, up to equivalence, left-invariant complex structures, J + and J − , on h − 19 . We prove in Lemma 3.13 than they do not admit any lcht structure. This concludes the proof. 
Then X admits a lcK structure.
Proof. Consider the 2-form
It clearly tames J and is J-compatible. One computes
which proves that ω is a G-left-invariant lcK structure on X with Lee form ϑ := ϕ 3 +φ 3 .
Lemma 3.11. Let X be a 6-dimensional nilmanifold with associated Lie algebra h 3 = (0, 0, 0, 0, 0, 12 + 34) and endowed with the G-left-invariant complex structure J − defined by the G-left-invariant co-frame
Then X does not admit any lcht structure.
Proof. By Lemma 3.6, it suffices to prove that there is no G-left-invariant lcht structure on X satisfying d ϑ Ω = 0 with ϑ a G- 
with r, s, t ∈ R \ {0} and u ∈ C such that |u| 2 < s 2 and A, B, C ∈ C. Consider a d-closed left-invariant 1-form ϑ ∈ ∧ 1 g * . It is of the form
(As a matter of notation, we have shortened, e.g., ϕ 123 := ϕ 1 ∧ ϕ 2 ∧φ 3 .) We have to find ϑ as above such that d ϑ Ω = 0. Note that γ = 0: otherwise, from the coefficient of ϕ 233 , we get that also β = 0, which yields that the coefficient of ϕ 232 is non-zero. Looking at the coefficients of ϕ 133 and of ϕ 233 , we get
By summing the coefficients of ϕ 131 and ϕ 232 and substituting and simplifying, we get
which is not possible. Hence, there exists no (G-left-invariant) lcht structure on X.
Lemma 3.12. Let X be a 6-dimensional nilmanifold with associated Lie algebra h 9 = (0, 0, 0, 0, 12, 14+25) and endowed with the G-left-invariant complex structure J − defined by the G-left-invariant co-frame
Proof. By Lemma 3.6, it suffices to prove that there is no G-left-invariant lcht structure on X satisfying with r, s, t ∈ R \ {0} and u ∈ C such that |u| 2 < s 2 . Hence, consider the form
(As a matter of notation, we have shortened, e.g., ϕ 123 := ϕ 1 ∧ ϕ 2 ∧φ 3 .) Note that γ = 0: otherwise, from the coefficient of ϕ 133 we get that also α = 0, which yields that the coefficient of ϕ 231 is non-zero. Looking at the coefficient of ϕ 233 , we get
By substituting in the coefficient of ϕ 232 and simplifying, we get
which is not possible. Hence, there exists no (G-left-invariant) lcht structure on X. 
Proof. By Lemma 3.6, it suffices to prove that there is no G-left-invariant lcht structure on X satisfying d ϑ Ω = 0 with ϑ a G-left-invariant 1-form. Hence, consider the form
with A, B, C, u, v, z ∈ C and r, s, t ∈ R\{0} satisfying the restrictions that ensure that the (1, 1)-component of Ω is positive. Consider a d-closed left-invariant 1-form ϑ ∈ ∧ 1 g * . It is of the form
(As a matter of notation, we have shortened, e.g., Question 3.14. For which compact complex manifolds, the existence of locally conformal holomorphictamed structures is equivalent to the existence of locally conformal Kähler structures? Remark 3.15. Consider the deformations in case (1) of the holomorphically parallelizable Nakamura manifold as investigated in [7] , see Example 1.3. (Recall that they satisfy the ∂∂-Lemma for t = 0.) We claim that they do not admit any lcht structure. In particular, they do not admit any holomorphictamed structure. Indeed, by [50, §7] , one has H t ∧φ 
where we have shortened, e.g., φ Table 1 ). In [4] , some results concerning their cohomologies are studied. Now, we explitly study the existence of lcht structures for such 4-dimensional solvmanifolds. For a more general result, see [11, Theorem 1.1] by V. Apostolov and G. Dloussky, proving that any compact complex surface with odd first Betti number admits a lcht structure. (See, e.g., [17, 22] for further results on lcK metrics for compact complex surfaces.) The following result provides examples of compact complex surfaces yielding a positive answer to Question 3.14. This is in accord with [17, Theorem 7] . In view of the recent results by V. Apostolov and G. Dloussky, this result follows from [11, Theorem 1.1]. Table 1 . Structure equations for the compact complex surfaces being diffeomorphic to 4-dimensional solvmanifolds, with respect to a left-invariant co-frame ϕ 1 , ϕ 2 of (1, 0)-forms, as classified by K. Hasegawa in [44] .
Proof. Consider a left-invariant co-frame ϕ 1 , ϕ 2 of (1, 0)-forms. We recall in Table 1 the structure equations with respect to such co-frame, as in [44, Theorem 1] . Denote by g the associated Lie algebra. Since the natural map
is always an isomorphism, see, e.g., [4, Theorem 4 .1], we can use Lemma 3.6 in order to reduce the computations to left-invariant lcht structures. More precisely, consider the left-invariant real 2-form
where A, B ∈ R and D, L ∈ C. (As a matter of notation, we shorten, e.g., ϕ 12 := ϕ 1 ∧φ 2 .) The condition that Ω tames the complex structure is shown to be equivalent to
Consider the left-invariant real 1-form
We compute
We study each case in the classification by [44, Theorem 1] separately.
Torus. The torus, which has structure equations
clearly admits a Kähler structure.
Hyperelliptic surface. The hyperelliptic surface is characterized by the structure equations
It clearly admits a Kähler structure. More precisely, an explicit computation gives
In particular, the condition d ϑ = 0 is equivalent to
The condition d ϑ Ω = 0 with d ϑ = 0 is equivalent to
.
In particular, it admits both gcK structures, with Inoue surface S M . The Inoue surfaces of type S M are characterized by the structure equations
where α ∈ R \ {0} and β ∈ R. An explicit computation gives
In particular, since α ∈ R \ {0}, the condition d ϑ = 0 is equivalent to
Hence it admits both lcK structures, with Primary Kodaira surface. The primary Kodaira surface is characterized by the structure equations
An explicit computation gives
We compute d ϑ = i Reb ϕ 11 .
In particular, it admits both lcK structures, with
and lcht structures, with
Secondary Kodaira surface. The secondary Kodaira surface is characterized by the structure equations
Inoue surface S ± . The Inoue surface of type S ± is characterized by the structure equations
where q ∈ R. An explicit computation gives
In particular:
• in the case q = 0: it admits both lcK structures, with • in the case q = 0: it does not admit any lcK structure, (the equation Aq = −2 i ReD yielding A = 0 that is not admissible,) but it admits lcht structures, with
This concludes the proof.
3.4.
Locally conformal holomorphic-tamed structures on 6-dimensional solvmanifolds with invariant complex structures with holomorphically trivial canonical bundle. In the direction of Question 3.14, we investigate the class of 6-dimensional solvmanifolds obtained in [34] , see also [63] .
More precisely, the 6-dimensional unimodular Table 2 . Structure equations for the seven classes of linear complex structures on 6-dimensional solvable Lie algebras admitting a non-vanishing d-closed (3, 0)-form, with respect to a co-frame ω 1 , ω 2 , ω 3 of (1, 0)-forms, as classified in [34] , see also [63] .
In [34, 63] , some results on Hermitian metrics and cohomological properties of the above solvmanifolds with left-invariant complex structures are studied. We prove here the following result, on the existence of lcht and lcK structures. [34] , see also [63] . According to that classification, they are divided into seven classes, see Table 2 .
• The complex structures in class (1) 
class (2) class (3) class (4) classes (5) and (6) class (7) conditions Table 3 . Components of ϑ∧Ω and d Ω for the linear complex structures on 6-dimensional solvable Lie algebras admitting a non-vanishing d-closed (3, 0)-form as studied in [34] , see also [63] . (See proof of Theorem 3.17 for notations.)
• The complex structures in classes (2) , (4), (5), (6) , (7) Consider also ϑ = a ω 1 + b ω 2 + c ω 3 +ā ω1 +b ω2 +c ω3
where a, b, c ∈ C.
We summarize the components of ϑ ∧ Ω and of d Ω for the each of the seven classes in Table 3 . We recall that the existence of lcht structures is equivalent to solve the equation d Ω = ϑ ∧ Ω in r, s, t, u, v, z, a, b, c satisfying the conditions above. We may further assume d ϑ = 0. Hence we consider now these equations for each case separately.
Class (1) . By matching the coefficients of ω 131 , we get c = −2ReA. By matching the coefficients of ω 232 , we get c = 2ReA. Hence ReA = 0. In fact, A = i. In this case, the coefficients of ω 132 , ω 133 , and ω 233 give u = 0, M = z, N = v, respectively, and the system reduces to these equations. In particular, for the complex structures with A = i in class (1), there exists both lcht and lcK structures.
Class (2) . By matching the coefficients of ω 132 , we get Class (3) . By the conditions on the parameters, two cases may occur.
• Assume ImA = 0. Then σ 12 = 0. Since (σ 11 , σ 12 , σ 22 ) = (0, 0, 0), then either σ 11 or σ 22 is non-zero. It follows that ReA = 0. In fact, A ∈ {i, − i}. By matching the coefficients of ω 131 , we get c = σ 11 t 2 r 2 ∈ R. By matching the coefficients of ω 232 , we get c = σ 22 t 2 s 2 ∈ R. By matching the coefficients of ω 132 , ω 133 , and ω 233 , we get, respectively, u = 0, z = M , v = N . By matching the coefficients of ω 123 , we get L = 0. The system reduces to these equations.
• Assume ImA = 0. Then σ 11 = 0 and σ 22 = 0. By matching the coefficients of ω 131 and ω 232 , we get, respectively, c = −2ReA and c = 2ReA. Hence it follows ReA = 0. This is absurd, therefore there is no lcht structure in this case.
Class (4) . By matching the coefficients of ω 131 and ω 232 , we get, respectively, c = 2(ReA − i) and c = −2(ReA − i). Hence it follows ReA − i = 0. This is absurd, therefore there is no lcht structure in this case.
Classes (5) and (6) . By matching the coefficients of ω 131 and ω 232 , we get, respectively, c = −2 i and c = 2 i. This is absurd, therefore there is no lcht structure in this case.
Class (7) . By matching the coefficients of ω 122 , we get a i s 2 = 0. Hence a = 0. But then, by matching the coefficients of ω 231 , we get i 2 s 2 = 0. This is absurd, therefore there is no lcht structure in this case. This concludes the proof.
Summarizing, we have the following result, which provides a further class yielding a positive answer to Question 3.14, namely, invariant structures on the solvmanifolds studied in [34] , see also [63] . 
